THE SELF-LINKING NUMBER IN ANNULUS AND PANTS OPEN 

BOOK DECOMPOSITIONS 

KEIKO KAWAMURO AND ELENA PAVELESCU 

Abstract. We construct an immersed surface for a null-homologous braid in an an- 
nulus open book decomposition. It is an extension of the so called Bennequin surface 
for a braid in R 3 . By resolving the singularities of the immersed surface, we obtain 
an embedded Seifert surface for the braid. We find a self-linking number formula as- 
sociated to the surface, which extends Bennequin's self-linking formula for a braid in 

(R 3 ,£ st d). 

In a similar way, we find a combinatorial formula for the self-linking number of 
a closed braid in a pants open book decomposition, which corresponds to a contact 
Seifert fibered manifold. 



1. Introduction 

Alexander's theorem jl] states that every closed and oriented 3-manifold admits an 
open book decomposition. 

Definition 1.1. Let E be a surface with non empty boundary and 4> be a diffeomorphism 
of the surface fixing the boundary pointwise. We construct a closed manifold 

M (s , r tfx[0,l]/~ 

where "~" is an equivalence relation satisfying (<^>(x),0) ~ (x,l) for x £ Int(S) and 
(x,t) ~ (x, 1) for x G dT, and r 6 [0,1]. The pair (S,</>) is called an abstract open book 
decomposition of the manifold Mr^y 

Alternatively, an open book decomposition for M can be defined as a pair (L, tt), where 
(1) L is an oriented link in M called the binding of the open book; (2) n : M\L — > S 1 is a 
fibration whose fiber, tt~ 1 (9), called a page, is the interior of a compact surface T,g C M 
such that dT,g = L for all 9 £ S . 

One of the central results about the topology of contact 3-manifolds is the Giroux 
correspondence [8]: 

J contact structures £ on M 3 | 1-1 f open book decompositions (S,^) 
1 up to contact isotopy j 1 of M 3 up to positive stabilization 

For example, the symmetric contact structure £, S ym on S 3 corresponds to the open book 
decomposition (D 2 ,id). 

We define a braid and the braid index in a general open book setting: 
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Definition 1.2. Suppose (L,ir) is an open book decomposition for a 3-manifold M. A 
link K C M is called a (closed) frraid if K transversely intersects each page E# = tt~ 1 (6) 
of the open book. That is, at each point p G K n Eg, we have T p .K" fti T p E#. The frrazci 
index of a braid if is the degree of the map ir restricted to K. In other words, if a braid 
K intersects each page in n points, then the braid index of K is n. 

Bennequin [2] proved that any transverse link in (S 3 , £, S ym) can be transversely isotoped 
to a closed braid in (D 2 ,id). Later the second author generalized Bennequin's result into 
the following: 

Theorem 1.3. [131 Theorem 3.2.1] Suppose (E,c/>) is an open book decomposition for a 
3-manifold M = Mrg^y Let £ = £(s,<£) ^ e a compatible contact structure. Let K be a 
transverse link in (M, £). Then K can be transversely isotoped to a braid in (E,0). 

The self linking {Bennequin) number is a classical invariant for transverse knots. Ben- 
nequin [2 J gave a formula of the self linking number for a braid b in (D 2 , id): 

(1.1) sl(b) = -n + a, 

where n is the number of braid strands, and a the algebraic crossing number (the expo- 
nent sum) of the braid. 

The first goal of this paper is to give a combinatorial description for the self link- 
ing number of a null-homologous transverse link in the contact len s sp aces compatible 



with the annulus open book decomposition (A,D k ). By Theorem 1.3 our problem is 
reduced to searching a self linking formula for a null-hom ologo us braid in the open book 
decomposition (A, D k ). We extend Bennequin's formula (1.1) into the following: 



Theorem 1.4. Let b be a null-homologous closed braid in (A,D k ) We have: 

sl(b) = -n + a a + a p (l - s), 
where n is the number of braid strands; a a ,a p algebraic crossing numbers defined in 



Definition 2.4' and s an integer defined in Corollary\3.2\ 



Our second goal is to find a combinatorial self linking formula for transverse links in 
a contact Seifert fibered manifold M = M(g = 0, (fcj,l),i = 1,2,3) (here we use the 
notation in [12]) over a pair of pants (disk with two holes). We obtain a similar formula 



which also extends (1.1): 
Theorem 1.5. We have: 

sl(b, [E 6 ]) = -n + a a + a p2 (l - s 2 ) + a p3 (l - s 3 ) - (s 2 + s 3 )h, 
where E^ is a surface bounded by b, and a Pi ,Si (i = 2,3) are integers defined in Defini- 



tion 5.4 



The organization of the paper is the following: 

In Sectionpl we fix notations and study properties of the contact lens space (-Mf^D*) > £fc) 
In Section |3j we construct a Bennequin type Seifert surface Fj, for a given braid word b 
in (A, D k ). In general, this F^ is an immersed surface and even the Bennequin inequality 



may not be satisfied, as noted in Remark 4.3 We resolve all the singularities and obtain 



an embedded surface Recall that the self linking number is defined to be the euler 
number of the contact 2-plane bundle relative to the surface framing. We develop a theory 
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about resolution of singularities of an immersed surface and corresponding changes in 
characteristic foliations. Applying this, we measure the difference between the immersed 
Fb-framing and the embedded X^-framing. 



In Section HI we prove Theorem 1.4 an explicit formula of the self linking number 



relative to £&, which extends Bennequin's formula (1.1). We also study the behavior 



of our self linking number under a braid stabilization. Corollary |4.4| states that our 
self linking number is invariant under a positive stabilization and changes by 2 under a 
negative stabilization, which extends Bennequin's result for braids in (S 3 ,^ sym ). 

In Section [5j we apply our surface construction method to small Seifert fibered mani- 
folds and prove Theorem |1.5| 



Acknowledgements. The authors would like to thank John Etnyre for numerous 
useful comments and sharing his ideas, especially those on Corollary |3.7| They also 
thank Matthew Hedden for helpful comments on Section |4} K.K. thanks Tim Cochran 
and Walter Neumann for stimulus conversations. 



2. Preliminaries 

Let A = S 1 x I be an annulus and D a the positive Dehn twist about the core circle 
a = S 1 x {^}. For simplicity, we denote D a by D. 




Figure 1. A positive Dehn twist D a about a. 



We study an abstract open book decomposition (A, D k ). 

Claim 2.1. The corresponding manifold Mm B ') to (A, D k ) is: 

( L(k,k-1) if k>0, 
M (ADk) = ^xS 2 if k = 0, 
{ L(\k\,l) if k<0. 

Proof of Claim 2.1 Let (D ,id) be the planar open book decomposition for S 3 such 



that 0D o = 7, see Figure |2j-(l). Let C D Q be a disc whose boundary we denote 
by /x. The solid torus x S 1 has meridian fi. We choose a longitude A so that 
[A] = [r] G Hi(L{k,l)). Remove x S 1 from S 3 , and attach a new solid torus by 
identifying its meridian m with A and its longitude I with — fi. This is the 0-surgery 
along the unknot U, which is the core circle of x S 1 . The resulting manifold is 
5 1 x S 2 . In this way we get an open book decomposition [A, idA) for S 1 x S 2 , whose 
page A is the union of the annulus D Q \ D^, shaded in Figure [^(l), and the annulus 
bounded by —I and the core -y' of the solid torus, sketched in Figure [24- (2). 




Dehn twist D k about the core U' C (D a \ D^) C A, sketched in Figure |2| (3), of the 
page annulus A is equivalent to applying (^^-surgery along the unknot U'. The link 
(U U U') C 5 3 is the positive Hopf link with the linking number lk(U, U') = 1. By the 
slam-dunk operation, the surgery description is reduced to the A;-surgery along a single 
unknot in S" 3 , which represents L(k, — 1) = L(k,k — 1) when k > and L(|A;|,1) when 
k < 0. □ 

By the Giroux correspondence, (A, D k ) induces a contact structure for Mr^ D ky 

Claim 2.2. The contact manifold {M/ A ^ D k\ , £&) is overtwisted if and only if k < 0. When 
k > 0, this £fc is the unique tight contact structure for L(k, k — 1). 



Proof of Claim 2.2 The first statement is implied by Goodman's criterion for overtwist- 
edness Theorem 1.2]. The second statement follows from Honda's classification of 
tight contact structures for lens spaces [TU]. More precisely, if k > we have 

k - 1 «i , 

— = = [—2, —2, • • • , —2], repeating (k — l)-times 



fc-1 -2 

-z f 

and |(— 2 + 1)(— 2 + 1) • • • (—2 + 1)| = 1, thus the manifold has unique tight contact 
structure. □ 

We fix notations. Suppose we have a 0-homologous closed braid b of braid index 
n in the open book (A,D k ). Let 7 U 7' = dA. Let Ag (9 G [0,1]) denote the page 
A x {#} C M( AD ky Choose points 27,- •• ,x n sitting between 7 and a. Since braid 



isotopy preserves the transverse knot class (Theorem 2.7 (2)), we may arrange the braid 
b so that b n Aq = {27, • • • , 27}. Let (i = 1, • • • , n — 1) be the generators of Artin's 
braid group B n satisfying C7 dj+i cxj = cjj + i Cj cj^+i and oio-j = <7jCJj for |i — j\ > 2. 
Geometrically, o~i acts by switching the marked points x\ and x^+i as shown in Figure |3j 
Let p be a braid element which moves x n once around the annulus into the indicated 
direction. 

Proposition 2.3. An n-strand braid b in (A, D k ) has a braid word in {<7i, • • • , o~ n —\, p}. 

Proof. Let D, C -D be concentric disks of center o. Identify the annulus A with D \ D m 
and dD, = —7', dD Q = 7. Consider the union b := bU ({0} x [0, 1]) C D Q x [0, 1], which 
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k+1 

FIGURE 3. Notations. 



we identify with a braid in Artin's braid group i? n +i. Let p : D X [0, 1] — > D Q be the 
projection onto the first factor. Up to homotopy, we can think that p({o} x [0, 1]) is a 
closed (non-simple) curve in D \ {x±, ■ ■ ■ ,x n }. Denote its homotopy class by 

b. := [p({o} x [0,1])] G 7Ti(D Q \{xi,-- - ,x n },o). 

Let pi, ■ ■ ■ , p n be generators of tti{D \ {x\, • • • , x n }, o) as in Figure |4]-(1). 
As in the transition from Figure |4j-(2) to (3), we have 

Pi = CTj" 1 " " ' a n-l a n °n-\ ■ • ' ^i, (i = 1, • • • , 71 - 1), 
Pn = CT„- 

Since our p = p n is equal to cr^ in the braid group B n+ i, the braid 6 can be written in 
letters {<ti, • • • , <r n _i, p}. Since b C b, the statement of the proposition follows. □ 




Figure 4. 



Definition 2.4. Let a a G Z (resp. a p G Z) be the exponent sum of ai, • • • , cr n _i's (resp. 
p) in the braid word of b. 

Proposition 2.5. If k > (resp. < 0), we may assume that a p > (resp. a p < 0). 
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To prove Proposition 2.5 we first have to define the braid stabilization and recall its 
properties. 

Definition 2.6. Let b be a closed braid in an open book (£, 4>). Suppose that A C dT, is 
one of the bindings of the open book and p S (£# Hp) is a point. Join p and a point on 
A by an arc a C (T,g \ b). A positive (negative) stabilization of b about A via a is pulling 
a small neighborhood of p of the braid and adding a positive (negative) kink about A in 
a neighborhood of a, as sketched in Figure |5j 




positive 
stabilization 




Figure 5. Positive braid stabilization along a. 



The second author proved Markov theorem in a general open book setting: 

Theorem 2.7. Q31 Theorem 4.1.3 and 4.1.4] 

(1) Two closed braids K\ and K% in an open book decomposition have the same topo- 
logical type if and only if they are related by braid isotopy, positive and negative 
braid stabilizations. 

(2) The above K\,Ki are transversely isotopic if and only if they are related by braid 
isotopy and positive braid stabilizations. 

Proof of Proposition [iT5[ Suppose b is an ra-strand braid. Recall that (A,D k ) has two 
binding components, 7 and V. Let a be an arc joining x n and 7' and intersecting a at a 
point as sketched in Figurepl Pick a small line segment of the n th strand in Ax (1 — e, 1), 
near the top page Ag = i of the open book, and positively stabilize it along a. Let v (see 
Figure ^Tj-(l)) denote the new braid strand lying in a small tubular neighborhood of 
7'. Put a point x n +i C A on the right side of x n between 7 and a as in Figure |6j 
Define p n +i a braid generator as in Figure |6j Move v by a braid isotopy supported in 
A x (1 — e, 1 + e) so that v intersects the page Aq = A\ at x n +i- This isotopy introduces 
{pn+i) k in A x (0, e) as a consequence of the monodromy D k . Compare Figure[7]-(1) and 
(2). 

Lemma 2.8. In a stabilized braid, p n +i plays the role of the old p, which we denote by 



Pn 



and we have 



(2.1) p n = o- n p n+ ia n . 

Proof. This follows because the new strand v is lying in a small tubular neighborhood 
of 7' while x n+ \ is close to 7. See Figure [7]-(3). □ 

We continue the proof of Proposition |2.5 
about 7' takes a word b to (p n +i 



By Lemma 2.8 a positive stabilization 
k b a n , where b is obtained from b replacing each p 



THE SELF-LINKING NUMBER IN ANNULUS AND PANTS OPEN BOOK DECOMPOSITIONS 7 




Figure 6. Definitions of a,x n+ i and p n +i- 




Figure 7. (1) Positive stabilization about the binding 7'. (2) Trans- 
versely isotope v near 7' to x n +i near 7. This introduces k additional 
p„ + i's. (3) p n and p n+1 are related by p n = a n p n+ ia n . 



with a n p n +i a n , and braid words are read from left to right. The data changes in the 
following way: 

n — ► n + 1, a CT — > a a + 1 + 2a p , a p — > a p + A;. 

Theorem |2.7f (2) tells that a positive stabilization preserves the transverse knot class. 
Therefore, if > (resp. k < 0) we may assume that a p > (resp. a p < 0). □ 

3. Construction of surface S b 

The goal of this section is to construct a Seifert surface Xj> for a null homologous braid 
6 whose braid word is written in {a\, ■ ■ ■ , cr n _i, p}. (By abuse of notation, we use b for 
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both the closed braid and its braid word.) We first construct a surface Fj, and change it 
to .Fft. We further deform into F^ and finally obtain 

3.1. Construction of the surface Ft,. Join the point Xi and 7 by an arc l{ as in 
Figure |3j Since Zj is disjoint from the Dehn twist curve a, in the resulting manifold, 
M(A,D k )i the arc b L swipes a disk 5i := (k x [0, 1])/ ~. See Figure |8j The center of Si is 
li h 7. We orient 5i so that the binding 7 is positively transverse to 5{. 



Figure 8. Oriented disks #1, • • ■ , 5 n . Positive (negative) side is blue (pink). 

Suppose the braid word for b has length m. If the j th (1 < j < m) letter is cij (resp. 
cr,^ 1 ) then we join the disks 5{ and 5i + \ by a positively (resp. negatively) twisted band 
embedded in the set {A e \ 3 -^- < 9 < £}. See Figure i|(l). 

If the j th letter is p (resp. p _1 ), then we attach to the disk 5 n an annulus 21 embedded 
in {Ag j < 6 < ^}. See Figure N-(2). Let C A be an oriented circle as in the right 
sketch of Figure |3j One of the boundaries of the 2t-annulus is (3q = (3 x {6} c ^4^ (resp. 
-/3 ) for some ^ < 6» < 




Figure 9. Construction of Ff,. (1) Twisted bands. (2) 2l-annuli. 



By [8, Proposition 4.6.11], we may assume that the characteristic foliation of our 
surface is of Morse-Smale type. Each disk <5j has a positive elliptic point. A positive 
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(negative) band between the <5-disks contributes one positive (negative) hyperbolic point. 
The foliation on the disk S n together with an attached 2l-annulus has a positive (resp. 
negative) hyperbolic singularity as sketched in Figure |10)-(1) (resp. (2)) if the corre- 
sponding braid word is p (resp. p^ 1 )- 




3.2. Construction of the surface Fj,. In Section 3.1 we have constructed an embed- 
ded oriented surface F b whose boundary consists of the braid b and copies of ±/3's. Let 
a a £ Z (resp. a p G Z) be the exponent sum of a\, ■ ■ ■ , <r n _i's (resp. p's) in the braid 
word for b. Let < r < m be the number of p, p _1 's appearing in the braid word for b. 
Then there exist < 9\ < ■ ■ ■ < 9 r < 1 and ej = ±1 such that 



dF b = b U e x p ei U e 2 pe 2 U • • • U e r /3e r . 

Claim 3.1. By attaching vertical annuli to pairs of (3 and —(3 circles as described in 
we can construct an embedded oriented surface Fj,, whose boundary consists 



11 



Figure 

of b and \a p \ copies of (3 (resp. —0) if k > (resp. k < 0). 




11 



Proof. We have dF b = b U eiPg 1 U e2/3e 2 U • • • U e T (3e r . If there exists 1 < i < r — 1 
with ej = —ei + \ then attach an annulus to (ej/3ej U (ei + i(3g i+1 ) as sketched in Figure 
Further, we look at the (r — 2) remaining ±/3 curves. 

(i) If there exists i' G {1, • • • , i — 2} U {i + 2, • • • , r — 1} with e,/ = — e^+j we attach an 
annulus to (ej//^., ) U (ei' + i(3g., ) as described above. 
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(ii) If ei-i = —ei+2 then we attach an annulus to (ej_i/3e i _ 1 ) U (ei+209 i+2 ) by nesting 
it inside the one previously attached. See Figure [T2j 

An inductive argument completes the proof. □ 




i+l 



i - 1 




Figure 12. Nested vertical annuli 



Corollary 3.2. If k ^ there exists a non-negative integer s such that a p = sk. If 
k = then a„ = 0. 



Proof. By Claim 3.1 in the homology group Hi(Mt A ^ D k\,Z), we have [b] +a p [f3] = 0. The 



braid b is assumed to be null-homologous, i.e. [b] = 0, thus —a p \p\ 



-/,] 



0. 



As \p] is the generator of ffi (M^^fc) , Z) = Z/fcZ, we have a p = (mod k), implying 
the existence of s £ Z with 
= 0, we have a p = 0. 



sk for fc ^ 0. Proposition 2.5 implies that s > 0. When 

□ 



3.3. Co nstruction of the immersed surface JFJ,. Keeping Proposition 2.5 and Corol- 
in mind, we have constructed a surface Fb with boundary: 



lary 



3.2 



b and a p copies of 0, if A; > 0, 
fVF,, - <! 6, if A; = 0, 

6 and — a p copies of —(3, if k < 0. 

Thus, when fc = 0, we have already obtained an embedded surface whose boundary 
is b. Put S fc := F b . 

For the remaining two cases, we construct an immersed surface F^, by attaching disks 
about 7' and 7: 

[Case 1: k > 0.] Let 2li, • • • , 2l ap C -Ffe be the annuli whose boundaries are contributing 
to the dp copies of (3 in dFb. Let ui, ■ ■ • , u s C 



Ai be arcs, see Figure [3J disjoint from the 



Dehn twist circle a. Let ui, ■ ■ ■ ,u s be disks about the binding 7' obtained by swiping 
Hi,-- - ,u s in the open book (A, D k ). For each i = 1, ■ • ■ ,s, connect u>i with annuli 
2tj, 2l s +i, 2t2s+i, • • • ,2l(fc-i) s +i by twisted A; bands as in Figure 13 (1). 



Lemma 3.3. All the singularities for the characteristic foliation of the attached bands 
and the co-disks are elliptic. Moreover, the sign of any elliptic point is positive, for both 
Case 1 and 2. 
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Figure 13. Characteristic foliation of cj-disk and 2l-annulus joined by a 
twisted brand. 



Proof of Lemma 3.3. The orientation of w-disks is induced from that of 2l-annulus. There- 
fore, an u-disk has a single positive elliptic point at the center. 



We show there are no hyperbolic points on the twisted bands. As in Figure 14 put 
points pi, ■ ■ ■ ,^5 in the surface for Case 1 and chose (red) vector Vi through pi tangent 
to the surface. Since b (orange boundary) is a positive transverse knot and v% is almost 




Figure 14. 



parallel to 6, v\ positively intersects the contact plane £ P1 . In the picture, the positive 
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side of £ Pl is specified by +. Slightly perturbing the surface, if necessary, we can make the 
angle between the tangent plane at p% (red arrow) and £ Pi (blue arrow) strictly decreasing 
to as pi approaches the center point of the w-disk. 

A similar argument works for Case 2. □ 



This immersed surface, as shown in Figure 15 (1), has boundary [b] + s[t + k(3\ in 
Hx(Mfj^£jk\,Z), where r is a closed braid of braid index = 1. Each closed curve repre- 
senting [r + k/3] bounds a disk D about 7, Figure 15 (2). 2?-disks can be constructed 
disjoint from each other. We construct Fj, by attaching s P-disks along s of the r + k/3 
curves. Since k > 0, the spirals in the bottom annulus page are identified via the Dehn 
twist D k with the straight line segments in the top annulus page. 

the surface Ff, has s additional positive (resp. negative) elliptic sin- 



By Lemma 



3.3 



gularities given by the w-disks (resp. 2?-disks) compared to the surface 




03 





Figure 15. (1) o;-disks, 2l-annuli joined by twisted bands. (2) P-disks. 
Immersed surface Ff, (k = 3, s = 2) is the union of (1) and (2) glued along 
pink and blue circles, representing [r + k/3] G Hi{M^ AD k^,1i). 



[Case 2: k < 0.] Add bands to the 00 disks as in Figure [l3]-(2) and attach P-disks to 
obtain Fi>. The picture of JFJ, is reflection of Figure 15 with respect to the vertical axis. 



The w-disks (resp. P-disks) contribute s positive (resp. negative) ellip tic singularities. 
The immersed surface, exhibits clasp and branch (Definition 3.4) intersections, as 
. It also has ribbon intersections of P-disks and vertical annuli of 
3.4 we study general theory on resolution of self intersections. In 



sketched in Figure 16 



Figure 11 In Section 
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Figure 16. Clasp (green) and branch (purple) intersections of (k = 
3,s = 2). 
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Section ^5 , we apply this theory to our surface and resolve these self intersections to 
obtain an embedded surface 

3.4. Resolution of singularities. Let K be a transverse knot in (M, £) and S an 

immersed oriented surface with <9E = K. 

Definition 3.4. Let I C E be a simple arc where E intersects itself. Let p, q be the 
endpoints of I. Suppose that p is sitting on K, and q is a branch point of the neighborhood 



Riemann surface. See Figure 17 -(1). Then we call I a branch intersection. 





Figure 17. (1) A negative branch intersection I, and (2) its resolution. 



We assume that (i) the self-intersection set of E consists of ribbon, clasp, or branch 
intersections; (ii) the characteristic foliation is of Morse-Smale type. 

Let I C S be a self-intersection arc. Near a point x £ Int(Z), E intersects itself 
transversely as in Figure [l~8]-(l). Let F{ C S (i = 1,2,3,4) be surfaces meeting at I. The 
orientation of F( is induced from that of E. Resolve the singularity / by cutting E out 
along I and re-gluing F\,F2 along I and i*3,i<4 along I so that the orientations of the 
surfaces agree. See Figure [18]- (2). Call the new surface E'. 




Figure 18. (1) Immersed surface E. (2) New surface E' after resolution 
of singularity I. 



Claim 3.5. If both J : p 1 and Tf 2 are transversely intersecting with I, as in Figure 18 -(1), 
then the orientations of J-p 1 and Tf 2 agree at /. 



Proof. This follows from the definition of the orientation of leaves. 



□ 
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By Claim 3.5 the characteristic foliation Ty' is induced from Ty- See Figure 18 -(2). 
Near the endpoints of I, this resolution creates new hyperbolic points and Ty' can be 



made into of Morse-Smale type. See Figure [17]- (2) and Figure 19 -(2). The signs of the 





Figure 19. (1) A negative intersection p. (2) Creation of a negative 
hyperbolic singularity h by resolving singular arc I. 

new hyperbolic points are determined in the following way: 

Proposition 3.6. Suppose that p € dl n K and both J r p 1 and J r p 2 are transversely 
intersecting with I. If p is a positive (negative) transverse intersection of K and S, then 
the new hyperbolic point has positive (negative) sign. 



Proof. Assume that p is a negative intersection, as depicted in Figure 19 (1). We in- 



troduce an (x, y, z)-coordinate system for a small neighborhood N of p: Identify p with 
(0, 0, 0), and identify —K with the z-axis. Regard the surface which K penetrates as the 
xy-plane. Since K is a transverse knot, it transverses the contact 2-planes positively. 
Thus at a point r G K n N the positive normal vector n r to the contact plane £ r has 
a negative z-component, i.e., n r ■ (0,0,1) < 0. Moreover, since J-p 1 an d Tp 2 are trans- 
versely intersecting with I, we have n r ■ (0, 0, 1) < 0. We may assume that contact planes 
are almost parallel to each other in N. Therefore, at the new hyperbolic point h £ N 
we have T^E = — This means that h is a negative hyperbolic point. □ 

Corollary 3.7. (1) The resolution of a ribbon singularity creates one positive and 
one negative hyperbolic points. 
(2) The resolution of a clasp singularity creates two hyperbolic points of the same 
sign. 

Proof. Since the two end points of a ribbon (resp. clasp) singularity have the same sign 
(resp. opposite signs), by Proposition |3.6| statement (1) (resp. (2)) follows. □ 



By the above arguments, it makes sense to define the sign for clasp and branch arcs: 

Definition 3.8. (1) If both end points of a clasp arc are positive (negative) inter- 
sections of K and S, then we say the sign of the clasp is positive {negative). 
(2) If the end point p = I n K of a branch arc is a positive (negative) intersection, 
then we say the sign of the branch arc is positive {negative). 
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3.5. Construction of the embedded surface E&. At the end of Section 3.3 we 
have seen that the immersed surface Fj, has \a p \ branch intersections and several ribbon 



intersections. In addition, if s > 1, then Fb has | A; | (^) 
When s 



a p \(s — 1) clasp intersections. 



See Figure [16| When s = 1,0, there are no clasps. We construct an embedded surface 
Sfc by resolving these branch, ribbon and clasp intersections. 

In Case 1, as shown in Figure 20-(l,2), we can make all the branch, ribbon and clasp 
arcs transverse to the characteristic foliation Tp . Thus we can apply the argument in 




Figure 20. Clasp (green) and branch (purple) intersections are trans- 
verse to characteristic foliations (top). Characteristic foliation near a 
branch singularity and its resolution (bottom). 



Section 3.4 and construct an embedded surface Since all the signs of the branch and 



clasp arcs are negative, by Corollary 3.7, the resolution of these self-intersections creates, 



in total, a p + 2(^a p (s — 1)) = a p s negative hyperbolic singularities. 
For Case 2, a similar argument holds. 



4. The Self linking number 
We compute the self- linking number sl{b, [S^]) of b relative to the embedded surface 



St. Since a lens space in general has H2(L(p,t 



and our manifold M, 



(A,D k ) 



is a 



lens space (Claim 2.1 ), the self linking number does not depend on the choice of Seifert 



surface. Thus we can denote sl(b, [St]) simply by sl(b). 
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Theorem 11.41 



We have 
sl(b) 



sl(b, [E 6 ]) 



-n + a a + a p (l 



Remark 4.1. If a p = then we get exactly the Bennequin's formula (1.1). 



Proof of Theorem 1.4 It is known (see [6] for example) that 
(4.1) sl(b, [E 6 ]) = -(e+ - e") + (h+ - h~), 

where e + (e~) and /i + represent the number of positive (negative) elliptic and 

positive (negative) hyperbolic singularities of the characteristic foliation J r -£ b on Let 
/i+ (h~) be the number of fjj's (<x^~ 's) which appear in the braid word for 6. Then we 
have a a = h£ — h~ , the sign count of hyperbolic singularities on E& given by the bands 
joining 5-disks as in Figure [9j-(l). 
We review the count of singularities. 

= (n; on (5-disks) + (s; on w-disks) 
= (s; on P-disks) 

= (h^ ; on +bands between <5-disks) + (a p ; on bands between 5 n and 2t-annuli) 
= (h~ ; on —bands between 5-disks) + (a^s; by resolution of branches, clasps, ribbons) 
By (4.1) we obtain the formula in Theorem 1.4 □ 



The Bennequin-Eliashberg inequality [21 [1] states that if a contact structure (M, £) is 
tight then 

(4.2) sl{K, [£]) < - X (E) 

for any null-homologous transverse knot X and its Seifert surface S. 

Corollary 4.2. The contact structure {M^ D k^,^k) is tight if and only if for any braid 
b C (A, D k ) the Bennequin-Eliashberg inequality sl(b) < — x(S&) holds. 

Proof of Corollary In terms of singularities for the characteristic foliation, since 
x(S) = (e + + e~) — (h + + h~), the i neq uality (4.2) is equivalent to e~ < h~, that is, 
+ s(a p 



h~ — e~ = h~ + s(a p — 1) > 0. Claim 
is tight if and only if k > 0. 

If k > 0, we have s(o p — 1) = s(fcs - 



2.2 



states that our contact manifold {Mr A>D h\, 



1) > 0, thus ([42]) is satisfied. 
1) < (except only when a p = , 



or a n 



-k 



1 



When k < 0, we have s(a p 
we have s{a p — 1) = 0). Therefore, there exists a transverse knot for which (4.2) is 
violated. □ 

Remark 4.3. It is interesting to note that the Bennequin inequality, however, is not 
satisfied for the immersed surface Fb even for the tight cases. 



sl(b, [£&]) obtained in Theorem 1.4 under 



Next, we study the behavior of sl(b) 
positive and negative stabilizations. 

Let b be a null homologous braid in the open book {A,D k ). Recall that (A, D k ) has 
two binding components, 7 and 7'. For e G {+, — } let bj (resp. bj ) denote the braid 

braids b, 6] 



2.7 



obtained from b after an e-stabilization about 7 (resp. 7'). By Theorem 
and 6^ are transversely isotopic regardless of choice of stabilization arc a. Etnyre's O 
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Theorem 3.8] implies that if b is a one component link, then a negative stabilization is 
unique up to transverse isotopy, regardless of choice of arc a, and bZ = b~L. 

Corollary 4.4. we have: 

(4.3) sl(b, [E 6 ]) = sl(bl, [£ 6; ]) = sl(bl,[E bl ]) + 2, 

(4.4) sl(b, [S 6 ]) = sl(bX, = s/(6l', [E 6 y]) + 2. 

Proof of Corollary \4-4\ A positive (negative) stabilization about 7 changes n — > n + 1 
and a,j — » a CT + 1 (a CT — ► a CT — 1). Applying Theorem 1.4 we get (4.3). 

For (4.4), as we have seen in the proof of Proposition 2.5, by a positive (negative) 
braid stabilization, we have the following data change: 



n 



ra+l, a ff — >• a CT + 1 + 2a p , s — > s + 1, a p ^a p + k, 

{n — > n + 1, a CT — > a ff — 1 + 2a p , s — > s + 1, a p — ► a p + k). 
Applying Theorem |1.4[ we have 

s/(6X',P,y]) = -(n + l) + (a ff + l + 2a p ) + (o p + fc)(l-(s+l)) 
= -n + a CT + a p (l - s) 
= 8i(6,[Et]). 

A similar computation leads to sZ(6l , [S y]) + 2 = s/(6, [£&]). 



□ 



5. Seifert fibered manifolds 
We use the following notations. Let S be a pair of pants with boundary circles ji for 



1,2,3. See Figure 21. Let aj be boundary parallel circles for 7^. Denote the Dehn 



twist about on by Di. Let ki be an integer. 




Figure 21. A pair of pants S. 
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Proposition 5.1. The open book decomposition (£, D^ 1 o D^ 2 o D^ 3 ) gives a Seifert 
fibered manifold of type M = M(0, (ki, 1), (k 2 , 1), (k^, 1)), (here we use the notation in 
[12]). Let c = \k1k2 + k 2 k 3 + k 3 ki\. Noticing that [pi] = [p 2 ] + [p 3 ], the first homology 
group is 

H X (M) = Z/cZ 

= { [P3] I fel[pi] + k 2 [p 2 ] = h[pi] + k 3 [p 3 ] = 0} 

= { N, H I Oi + + fciN = fcihl + (h + k 3 )[ P3 ] = 0} , 

The second homology group is 

if e(M) := 1/fci + l/fc 2 + 1/A& 



f 2( m) = H\ M) = M^Wi zj = { 5 ^22^ 



Proof of Proposition 5. 1 . The corresponding manifold for the open book decomposition 
has a surgery diagram as in Figure 22-(l). By slam dunk operations, we obtain diagrams 
(1)— >(2)— >(3). (We can see that if one of fcj's is 0, then M is a connected sum of lens 
spaces, and strictly speaking, M is not always Seifert fibered.) 

The homology groups are computed by using [T21 Lemma 4.2], [3] and page 3136]. 

□ 




Figure 22. Surgery diagrams for M(0, (ki, 1), (k 2 , 1), (&3, 1)). 



Let ^kiMM denote the contact structure for M = M(0, (k\, 1), (fc 2 , 1), (k 3 , 1)) com- 
patible with the open book (S 1 , D^ 1 o D^ 2 o D^ 3 ) via the Giroux correspondence [8]. 

Proposition 5.2. The contact structure ik-i,k 2 M ls tight if and only if fc 2 , &3 > 0. 

Proof. The "only if part follows from |11| Theorem 1.1] of Honda-Kazez-Matic. The 
"if part follows from [HJ Corollary 7] of Giroux. □ 

Let a, be a mapping class of S with n punctures, exchanging the i th and (i + l) th 
punctures counter clockwise. Let p$ (i = 1, 2, 3) be a mapping class of S with n punctures 



as described in Figure 21 



we can 



Let K be a 0-homologous transverse knot in (M,^ki,k 2 M)- By Theorem 1.3 
identify K with a closed n-braid b in (S 1 , D^ 1 o Z)^ 2 o -D3 3 ). Applying braid isotopy 
(transverse isotopy), if necessary, we may assume that the intersection points x±, • • ■ ,x n 
of b with the page surface S x {0} are sitting between the 71 and a± circles. See the 



orange dots in Figure 21 
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Proposition 5.3. An n-strand closed braid in the open book decomposition (S, D 1 1 o 
D^ 2 ° -D3 3 ) can be written in letters {a±, • ■ • , a n -i, p 2 , P3}. 

Definition 5.4. Let a a be the exponent sum of cij's in the braid word for b. Let a Pi 
(i = 2, 3) be the exponent sum of pi in the braid word for b. 

Since b is 0- homologous, we have = [b] = a P2 [p 2 ] + ap 3 [ps] in H\(M). On the other 
hand, by Proposition |5.1[ there exist 52,53 G Z, so that 

= [b] = s 2 {(ki + k 2 )[p 2 ] + h[p 3 ]} + s 3 {ki[p 2 ] + 

Therefore, 

/r -1 \ r 1 r 1 [ ^1 + ^2 fci 

(5-1) [a P2 ,a P3 ] = [ S2 , S3 ] [ ^ h + h 

Lemma 5.5. We may assume that s 2 ,S3 > 0. 



+ h)[p3}} 



Proof of Lemma 5.5. A similar argument as in the proof of Proposition |2.5| applies. Re- 



call that a positive braid stabilization preserves the transverse knot class (Theorem 2.7) 
By a positive stabilization of b about 72 (resp. 73), a Pi changes in the following way: 

a P2 h-> a P2 + k\ + k 2 , a P3 h-> a p3 + k\. (resp. a p2 a p2 + fci, a p3 a p3 + fci + A; 3 .) 

Suppose we apply positive stabilizations about 72 (resp. 73) a-times (resp. /5-times) 
where a, (3 > 0. Then the corresponding changes for are: S2 1— > s 2 + a and S3 1— > S3 + /3 
Therefore, if we take a, (3 sufficiently large, then we can make s 2 , S3 > 0. 



Now we state our main result of this section: 

Let b be a null-homologous closed braid in (S, D^ 1 o D^ 2 o D^ 3 



1.5 



Theorem 

a Seifert surface Xj, for b and we have: 

sl(b, [£&]) = -n + a a + a P2 (l - s 2 ) + a P3 (l - S3) - (s 2 + s 3 )fci. 



□ 



There is 



Since H 2 {M) may be non-trivial (Proposition 5.1 ) we specify the class [S5] G H 2 (M, K). 



Proof of Theorem 1.5 We construct an embedded surface bounded by 6. We repeat 



the construction introduced in Section 13.11 and Section 13.21 

• Construct (5-disks (cf. Figure [8J, 

• join them by twisted bands for each (cf. Figure [9J- (1 ) ) , 

• attach 2l-annuli for each p 2 ,pf (cf. Figure [9]-(2)), 

• attach vertical nested annuli to remove redundant boundaries, (cf. Figure 11). 

Then we get an embedded surface Fj,, whose boundaries satisfy in H\{M): [dFf,] = 
[b] - a P2 [p 2 ] - a P3 [p 3 ]. 

Next step is to construct an immersed surface JFj,: 



Join the top two 2l-annuli for p 2 and P3 by a horizontal band as in Figure 24 
Repeat this for the first (s 2 + S3) | fci | pairs of p 2 and p 3 from the top. 
Put s 2 of w-disks (red in Figure 24) about 72. 

For each w-disk, connect it with 2l-annuli for [k\ + k 2 )p 2 by (\k\\ + l^l) twisted 



bands. Depending on ki > or < 0, the twisted band is attached as in Figure [13 
(l)or(2). 

Attach S2 of P-disks about 71. 
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• Similarly, attach S3 of w-disks (green in Figure 24) about 73, add (\ki\ + \ks\) of 
twisted bands, and S3 of D-disks about 71. 

We have obtained an immersed surface with boundary b. 

Lemma 5.6. Ifk\ > {resp. ki < 0) then the characteristic foliation for each horizontal 
band has a single negative (resp. positive) hyperbolic singularity. See Figure 23 




Proof of Lemma \5.6[ We may think that a horizontal band sits on one page surface S. 
Let pi (i = 2,3) be a point on the binding 7, as in Figure 23 At pi, the contact plane 



intersects 72 positively. Along the line segment from p2 to p^, the contact planes rotate 
180° counterclockwise. The contact plane is tangent to the horizontal band at the middle 
point, where the hyperbolic singularity occurs. If k\ > (resp. k\ < 0), the positive 
(negative) side of the band is facing up to the reader, thus the sign of the hyperbolic 
point is positive (negative). □ 

Lemma 5.7. All the singularities of the characteristic foliation for (Fj, \ Fj,), the union 
of to -disks, twisted bands and T> -disks, are elliptic. Moreover, the algebraic count e + — e~ 
of elliptic singularities for the oo-disks (resp. D-disks) is S2 + S3, (resp. — si — S3). 

Proof. As seen in the proof of Lemma |3.3| there are no hyperbolic singularities on the 
twisted bands. □ 



We count self intersection arcs of Fy: Figure 24 and 25 exhibit branch, clasp and 



ribbon intersections. For example, in Figure 24 the union of arcs li U 1% U Z3 is a clasp 



intersection. Signs are assigned to each intersection according to Definition 3.8 If we 
count them algebraically, 

(5.2) number of the branches = — S2(k\ + ^2) — s^{k\ + ^3). 



(5.3) number of the clasps 



S2 

2 



(ki + k 2 ) 



S3 
2 



Cl + k 3 ) + S2S3&1- 



We resolve all the intersection arcs and obtain an embedded surface £», 



By Proposition 3.6 and Corollary |3.7| the resolution of branch, clasp and ribbon 
intersections create additional hyperbolic singularities. The total algebraically counted 
number of such singularities is: 

(5.4) 0+2xH = -{(s 2 + s 3 ) 2 A:i + s\k 2 + k\k^. 




Figure 24. An immersed surface. k\ = k<i = k% = 2. S2 = S3 = 1. 
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In summary we have: 



e 



,+ 



(n; (5-disks) + («2 + S3; w-disks), 
{s2 + S3; £>-disks), 

(a a ; bands between (5-disks) + (a P2 + a ps ; bands between S n and 2t-annuli) 
— (ki(s2 + S3); horizontal bands; Lemma [5. 6 | ) 

~{{ s 2 + S3) 2 ki + ^2^2 + -33^3; resolution of branches, clasps, ribbons ( |5.4| ) 

Oct + a P2 + a P3 - S2(a P2 + fei) - s 3 (a P3 + ki) 
a a + a P2 (l - 82) + a P3 (l - S3) - (s 2 + ss)ki. 



e 



h+ - h 



(E3 



Finally we have 



sZ(6, [S 6 ]) 



(e+ - e~) + - h~) 

n + a a + a P2 (l - s 2 ) + a P3 (l - s 3 ) - (s 2 + s 3 )/ei. 



□ 



References 



1. Alexander, J.W. A Lemma on Systems of Knotted Curves Proc Natl Acad Sci USA, March 1923, 
9(3), 93-95. 

2. Bennequin, D. Entrelacements et equations de Pfaff, Asterisque, 107-108, (1983) 87-161. 

3. Bryden, J.; Lawson, T.; Pigott, B.; Zvengrowski, P. The integral homology of orientable Seifert 
manifolds. Proceedings of the Pacific Institute for the Mathematical Sciences Workshop "Invariants 
of Three-Manifolds" (Calgary, AB, 1999). Topology Appl. 127 (2003), no. 1-2, 259-275. 

4. Eliashberg, Yakov. Contact ^-manifolds twenty years since J. Martinet's work. Ann. Inst. Fourier 
(Grenoble) 42 (1992), no. 1-2, 165-192. 

5. Etnyre, John B. Transversal torus knots. Geom. Topol. 3 (1999), 253-268. 

6. Etnyre, John B. Legendrian and transversal knots. Handbook of knot theory, 105-185, Elsevier B. 
V., Amsterdam, 2005. 

7. Etnyre, John B.; Ozbagci, Burak. Invariants of contact structures from open books. Trans. Amer. 
Math. Soc. 360 (2008), no. 6, 3133-3151. 

8. Giroux, Emmanuel. Contact geometry: from dimension three to higher dimensions. Proceedings of 
the International Congress of Mathematicians, Vol. II (Beijing, 2002), 405-414, Higher Ed. Press, 
Beijing, 2002. 

9. Goodman, Noah. Overtwisted open books from sobering arcs. Algebr. Geom. Topol. 5 (2005), 1173- 



10. Honda, Ko. On the classification of tight contact structures. I. Geom. Topol. 4 (2000), 309-368. 

11. Honda, Ko; Kazez, William H.; Matic, Gordana. Right-veering diffeomorphisms of compact surfaces 
with boundary. Invent. Math. 169 (2007), no. 2, 427-449. 

12. Neumann, Walter D.; Raymond, Frank. Seifert manifolds, plumbing, -invariant and orientation 
reversing maps. Algebraic and geometric topology (Proc. Sympos., Univ. California, Santa Barbara, 
Calif., 1977), pp. 163-196, Lecture Notes in Math., 664, Springer, Berlin, 1978. 

13. Pavelescu, Elena. Braids and Open Book Decompositions. University of Pennsylvania, Ph.D. thesis. 

The Institute for Advanced Study, Princeton, New Jersey 08540 
E-mail address: kk6@ias.edu 

Department of Mathematics, Rice University, Houston, Texas 77005 
E-mail address: Elena.Pavelescu@rice.edu 



1195. 



